NORMAL DIFFERENTIAL OPERATORS AND DEFORMATION 
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Abstract. This paper develops the theory of a sheaf of normal differential 
operators to a submanifold Y of a complex manifold X as a generalization of 
the normal bundle. We show that the global sections of this sheaf play an 
analogous role for formal deformations of Y to the role played by the normal 
bundle with respect to first-order deformations. 



1. Introduction and Motivation 

Our aim in this paper is to develop a more concrete and geometrically intuitive 
formulation of the higher-order deformation theory of subvarieties. Our basic strat- 
egy is to use local-formal duality to reformulate the standard theory in terms of local 
cohomology sheaves. These sheaves are rich in geometric meaning, as demonstrated 
by their alternative interpretations as sheaves of residue operators or normal dif- 
ferential operators. Because these sheaves already carry higher-order information, 
it is possible to work more concretely (doing more at the level of sheaves, or H°). 

The geometric setting in which our local cohomology sheaves become functorial 
is that of deformation categories of subvarieties. In the simplest such category, an 
object is a smooth subvariety Y) — > X, and a morphism from T> — ► S to Y) — > X is 
a deformation diagram 

Y) ► W ► X 



T) > S 

where the square is a pullback and the maps at S are transversal. Composition of 
morphisms is pullback. 

Our main technical result — a special case of which is proved in of this paper — 
is an equivalence of categories between a certain deformation category of smooth 
formal subvarieties, and a corresponding category of local cohomology sheaves. 
In order to obtain such an equivalence, however, the natural homotopy product 
structure which these special local cohomology sheaves carry must be respected. 

Let us describe the local cohomology sheaves a bit more explicitly, if only to in- 
dicate why our global-to-formal-to-local strategy doesn't destroy the cohomological 
information required for deformation theory. This may not be obvious because, for 
a smooth subvariety Y) — > X of dimension d and codimension c, the interesting 
cohomology group H 2d+1 (Cx) is immediately killed upon restriction to the for- 
mal neighborhood Xy . Fortunately, the Abel-Jacobi map involves only a specific 
Hodge level of this cohomology, and once we restrict our attention to this level, the 
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relevant classes manage to sneak safely across into local cohomology: 

H 2d+1 (c x f -» n d (n> d )* < — n d (n>J)* u 2d (nf Y f = h^| c ) 

Thus, the "local Hodge sheaf" 9-Cy(f2^ c ) is sufficient to express Abel-Jacobi data. 

Our ultimate object of study is the local cohomology of the whole ambient 
de Rham complex 

(1) (nWx), 9) . 

To properly handle relative subvarieties Y/Y') — > X/X', we must further endow 
this complex with a filtration by base degree of closed forms: 

(2) F*/>'HM& X ) ■= ((Ox KV$) >P ) ■ 

For the purposes of this paper, however, we only need a particular piece of this 
complex — one which can be defined directly in terms of relative forms (§|j). 

The special local cohomology sheaf ([!]) carries a natural homotopy product, 
which can be formalized using the notion of co-implicial objects. Recall that 
co-simplicial objects are representations of the category of finite ordinals and or- 
dered maps; co-implicial objects are representations of the richer category which 
includes partially-defined ordered maps. A co-implicial object will therefore carry 
co-barycenter maps in addition to the usual co-face and co-degeneracy maps. These 
maps can be thought of as operations on product expressions implementing (respec- 
tively) factor deletions, unit insertions, and pairwise factor associations. To avoid 
extra formalism, however, this paper will take a more ad-hoc approach to the prod- 
uct. 

Our main applications will come from studying the pairings between ambient 
global cohomology and the cohomology of normal differential operators. These 
pairings essentially come from the local-formal pairings which were used to con- 
struct the theory in the first place; for instance, 

ff«(5€^(o| c ))®H r (n| d ) — > np c (n> c )®w(nf y ) local - formal > m +r (c Y ) 

By looking at similar pairings in the relative setting, we are able to generalize a 
result of Bloch-Ran-Kawamata on the semi-regularity map. Our generalization, 
given at the end of produces an obstruction differential which is exact if there 
is no cohomological obstruction to deformation. 

The authors wish to thank Henryk Hecht, Janos Kollar, and Dragan Milicic of 
the University of Utah, Morihiko Saito of RIMS, Japan, and Claire Voisin of the 
CNRS, France, for valuable conversations and extremely useful guidance during the 
preparation of this paper. 

Paul Burchard (burchard@pobox.com) 
Herbert Clemens (clemens@math.utah.edu) 
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2. Relation to the Kuranishi Theory 



To explain the results and methods of this paper in more detail, we must first 
recall, at least in rough form, some basic facts from the Kuranishi theory of deforma- 
tions of complex manifold as developed by Deligne and Goldman-Millson in ]GM90 1 . 
Given a smooth family 

z/z> = {z z ,} z , ez , 

of connected complex manifolds over a polydisc Z with coordinate 

z — yz 1 , . . . , z n ) 

and distinguished point 0, one can associate a transversely holomorphic trivializa- 
tion, that is, a C^-trivialization 



(3) 



Vz' 



Z' 



-> Z x Z' 



Z' 



for which t he fibe rs are all complex holomorphic polydisks. (See, for example, | Cle77 |.) 
Following! GM9C ] , Kuranishi theory then associates a formal deformation as follows 
(see also |Cle98| ). 



Lemma 2.1. The transversely holomorphic trivialization a distinguishes a subset 
of the complex-valued C°° -functions on Z, namely those functions f which restrict 
to a holomorphic function on each fiber of a (i.e. functions with a power-series 
representation 



w E^'-E^^-)*'' 

where the // are C°°-functions on Zq). Furthermore there exist global C°°-bundle- 
scctions 

Lj £ A ' 1 (T Zo ) , Je((Z>")"'-{(0,...,0)}) 
such that a function (|j) is holomorphic if and only if 

d„ (/) := (fl-Ej Z ' J ^) (f) = E, m*" E/.j e/ (//) z' I+J = o- 

If we let 

n 

denote the unique lifting of to a (1, 0)-vector-field on Z determined by the 
trivialization (|3j) we have that as operators on functions on Zq, for example 

Zk = -(\ Zo )o[l?,8 z ] 

for K= (0, ... ,0, 1,0, ... ,0). For 



4 



PAUL BURCHARD AND HERB CLEMENS 



the integrability condition 
(5) 



o 



is satisfied. If two transversely holomorphic trivializations of Z/Z' differ by a 
holomorphic automorphism defined over Z' and equal to the identity on Zq, they 
give the same Kuranishi datum £. 

Continuing to follow [ GM90 1 , we define the differential graded Lie algebra 



where 



(E • 



C = {\ = Y JJ z' J \j--\j^A%{T Za )} 



The Lie algebra of vector fields C° acts via an exponential map on the subspace 
£} of C 1 consisting of those elements which satisfy the integrability condition (||). 
The quotient is the space of formal deformations of Zq parametrized by Z' . 
Next suppose that we have a commutative diagram 

h 



Y 



4 Z 



(6) 



Y' 



h' 



Pz' 



* Z' 



of complex manifolds where py is also a smooth surjection and h! factors as a 
smooth surjection followed by a closed immersion 



Y> ► y" 



so that we have fibered product: 

*' ':=(»' \h' '(»')) 



Y" 



i"~(y",i"{v")) 



-> Z' 

-> x' := y x Z' 

Px" : =(py"(j/')' z ') 
X" := F" x Z' 



and 



X := X' X Z > Z 

Px> 

X' = Y' x Z' - 
Suppose that, in the induced diagram 

y — i— > x - 



-> z 



/'z' 



z' 



z 



(7) 
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i is a closed imbedding and py> is proper. For many algebro-geometric purposes, it 
is desireable to characterize a certain class of deformation/extensions of (f7|), namely 
to characterize commutative diagrams 



Y 



-> W 



-> X 



(8) 



9x' 



with qx> a smooth surjection such that the left-hand square is a hbered product. 
(If (^) itself is a fibered product and vertical maps are proper, there is a unique 
such (proper) extension.) From (||) we can construct a smoothly varying family of 
transversely holomorphic trivializations 

{y'} x Z — z h , iyl) 

for XjX' as above but with the added property that 

v-, 1 (Y y ,) = qx }(W}xZ>). 
This translates to the condition 

10,1 



on the Kuranishi data in Lemma 2.1, where N v ,\ 7 , , denotes the normal bundle. 
For each y' G Y', we define the differential graded Lie algebra 



Cl„d 



where 



(y>) 



Y y , { N Y v ,\Z h , (yl) 



For a fixed transversely holomorphic trivialization of the deformation Z/Z 1 given 
in (^), we have Kuranishi data 

for each z' £ Z'. As above the vector fields C° z , act on C\, as does the subspace C y , 
whenever b! (y') — z'. If £h'(y') £ 4' an< ^ a ^ ^-y'j then the infinitesimal action of 
a on £ is given by the formula 

£ = da+ [a,£] , 

so, if a e £°/, then £ G £*,. The orbits of the exponential action of C y , on C y , 
form the space of formal deformations of Y y i C Z^/iy,} inside the fixed deformation 

The Kuranishi datum is invariant under holomorphic automorphisms over Z' 



which restrict to the identity at time zero (see the final assertion of Lemma 2.1). So, 
if Y in (||) is a small neighborhood of a point, the action of C y , on C y , is transitive. 
Thus, in the above formulation, we do not see the local structure of the space of 
deformations of a small neighborhood of a point in Y. Our purpose is to provide 
a formalism for that local structure. To first order, that structure is classical. For 
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example, if Y' = {0}, the local structure is as follows. The tangent sheaf T z of the 
total space Z has distinguished subsheaves, which we denote as T z /z', consisting 
of those derivations which annihilate p~^} (Oz 1 ) where pz' ■ Z — > Z' is the natural 
projection associated with the family, and Tz/z'i consisting of those derivations 
which are "lifts" of derivations on Z' . The latter forms a p~^} (0z')" m °clule and 
contains the subsheaf Tz/z' of the p%} (Oz')-linear derivations. (Tz/z 1 , on the 
other hand, is an O^-submodule of Tz-) If Yq is a compact, connected complex 
e?-dimensional submanifold of a fiber Zq of the family, then all global sections of 
the normal bundle N Yo \z actually lie in a sub-sheaf 



iV- 



Tz/z' 



Y \Z 



Y 



Ty 
Morphisms 



(9) Tz',o -► H° ( 



N Yo \z 



give the first-order deformations of Yq in Z with parameter space Z' , and Ny \z 
sits in an exact sequence 

-> N Yo \ Zo -> N YoXZ -> Pi/T^l^ 0. 

In this paper, we will develop analogous machinery for higher-order deformations 
of Y/Y' in ZjZ' . This analogue comes from the theory of X>-modules, and is similar 
to the sheaf of "normal differential operators," the push-forward of the structure 
sheaf of Y y > in the sense of P-modules. Although the sheaf of Lie algebras 

C z 

given by vector fields on Z does not have a natural action on the relative deRham 
complex Q* z / Z ,, the sub-Lie-algebra 

£z/z> 

given by sections of Tz/z' does, via Lie differentiation. Under this action, sections 
of N Yo \z do not give well-defined operators at points of Y y i, but rather should be 
thought of as equivalence classes of operators which give well defined morphisms 



These considerations lead us to use P-modules constructed from differential op- 
erators on the relative deRham complex of ZjZ' with values in the relative deRham 

complex of Y/Y" . The fundamental object of study is a certain sheaf 'D^f/Y" SU P" 

ported on Y. The fiber of its pushforward (jj)y )* Dy^y") should be thought 

of as the higher-order analogue of the space 

(Pr')* n y\y'xz 
where N y \y'xz sits in the exact sequence 

— > N Y \y> x z , z — > N y \y> xz—> P y ^ h'*Tz>—*0. 

The general construction and its basic properties and filtrations occupy §§|3| j^. The 
pairing of global sections with ambient cohomology is given in §fj| 
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To illustrate, we return to the case in which Y' = {0} is a point. "Almost- 
multiplicative" morphisms from the differential operators at G Z' with values 

z / z ' 

in C to global sections of Py/,,^ will characterize deformations of Yq in Z with 
parameter space Z 1 just as morphisms (^|) characterize first-order deformations. 
This equivalence, in its more general, relativized version, is developed in §§|^-|^. 

As indicated in §0, a value of this type of approach to higher-order deformation 
theory comes from the fact that it is well suited for computing the interaction 
of higher-order obstructions with the cohomology of the ambient manifold ZjZ' . 
To motivate this assertion, suppose that we are given a smooth family ZjZ' of 
deformations of Zq, and let 

T Z ',o^^H° (N YoXZo ) 

be the obstruction map to deforming Yq to first order with Zq.. Recall the easy 
first-order fact that the following diagram is commutative: 



A r H° (N YoXZo ) ® 7V, ® H d ^ (Qf^ 1 ) H° {A r N Yo \ Zo ) ® H° (N Yo \ Zo ) ® H d 

Kodaira-Spcnccr 



contract ion 



A r H° {N YoXZo )®H d {Q d + r ) 



+ H a (u Yo ) 



The contraction map across the bottom of this diagram is the infinitesimal Abel- 
Jacobi mapping. The diagram tells us that, at least when the natural mapping 

A r H° (AV \z ) (^t r+1 ) 



H° {A r N Yo \ Zo ) ® H d ~ x (A r+1 N Y(AZo ® u Yo 



H 6 - 1 ( JV, 



Serre duality 



is surjective, the obstruction to moving Yq with Zq is completely computed from 
the infinitesimal Abel-Jacobi mapping for Yq in Zq. A striking example is the case 

d = r = 1 n = 3 lo Zq = Zo , 

where the surjectivity is automatic. In this case, the above diagram tells us that the 
curve Yq deforms to first order in a direction in Z' if and only if the corresponding 
element of 

H 1 (O| )=lf 1 (T Zo ) 

pairs to zero with H° (N Yo \z ) ■ Thus if Yq (infinitesimally) parametrizes some 
subspace H 1 ($1% ), then Yq deforms (infinitesimally) over Z' in directions "normal" 
to that subspace. 
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If our higher-order operators ( (pY') t Dyjy„j pair nicely with relative coho- 

mology of Z/Z', we should expect that higher-order obstruction deformation of 
Y/Y' in Z/Z' are computed from the higher derivatives of some generalized Abel- 
Jacobi mapping or normal function, at least when there is "sufficient" ambient 
cohomology around. This is indeed the case as we show in § pd| . 
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3. Review of P-modules 
Let Y and X be complex analytic varieties and let 

g 

Y — — > X 

be a holomorphic mapping. Let £ be a coherent sheaf on X and T a coherent sheaf 
on Y. 

Definition 3.1. A (left) differential operator on £ with values in J 7 is a C-linear 
map 

g-H T 

such that, for some n and for arbitrary sections fo, ■ ■ ■ , fn of Ox, the [n + 1)- 
fold commutator 

[...[[T,/ ],/i]... ,/„] 

is zero, where 

[T,f] (e)=T(/e)-/T( e ). 

The minimum such n is called the order of the differential operator T, and we 
denote the set of all such operators as 

V[£ X ,T Y ). 

Let T> (£x) denote D (£x,£x) for the identity map on X. Given h : Z — > Y and 
a coherent sheaf Q on Z ', we have a natural composition 

V{Ty,Q z ) x rt)(£x,^Y)^£>(£x,Sz) 

so that T>(£x,Fy) has the natural structure of a right g^V (£x )-module and a 
left P (^V)-module. (We will denote compositions of operators as ST, which means 
"do T first, then S.") 

For a complex manifold X of dimension n, let T>x = T> (Ox, Ox)- The canonical 
bundle lux of X is a right 2?x -module as follows. Sections of Cx act on lox by Lie 
differentiation. Multiplying this action by (—1), we extend to a right action of the 
enveloping algebra Ux associated to the Lie algebra Cx on cox ■ But this enveloping 
algebra, considered as a ring of (left) differential operators on Ox, maps to 1>x- 
One checks by direct computation in local coordinates that the kernel of this map 
acts trivially (on the right) on lux- 

This last construction lets one pass from left 2?x-modules to right Djf-modules 
and back again. One defines this correspondence on £jf -modules as follows: 

Left to right: 

£ — > £ ®o x u x 



Right to left: 



T — * ^>om (u>x, J 7 ) 

Ox 

(£(A))(w) := A(w-0-A(w)-e 



and extend the action as above to Ux —> T>x- (See [Bor87, VI, 3. 3].) 
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One relates the structure sheaf O x of holomorphic functions to the constant 
sheaf Cx on X by viewing Cx as the "sheaf of solutions" associated to the (left) 
2?x-module Ox, that is, the set of section of Ox annihilated by the distinguished 
ideal of T>x generated by the sheaf Cx of vector fields on X. The corresponding 
functor from the category of bounded 2?x-modules to the bounded derived category 
of sheaves is called the "dc Rham functor" (see [Bor87|). In the case of Ox we make 
the construction explicitly below. 



Lemma 3.2. Via the natural map 



V {Ox, Six) = ?> om (Cx,Sl x ) ®o x V x = Sl* x ® 0x V x -> ojx ®o x T> x -> ujx 
the sequence 

0^V(Ox,Ox)^---^V(Ox,n x - 1 )^V(Ox,Lu x )^u;x^0 
becomes a locally free resolution of u>x is a right Vx -module. In the same way, via 
V(uj x ,ujx) = T> x ®o x from {uj x ,ujx) = T>x ®o x O x ^O x 

we have 

0^V(LJx,Ox)^---^ / D{ux,n x - 1 )^V(u > x,u x )^Ox^0 

becomes a locally free resolution of Ox as a left T>x -module. 

Proof: Filter negatively by degree of forms and positively by order of operator 
and use the Koszul lemma from elementary homological algebra, or see [Bor87 ( 
VI, 3. 5]. For the second case use that Lie differentiation commutes with exterior 
differentiation, and define the left action of a vector field £ on A € T> (u>x, Sl x ) by 

(A-0 (v) = Hvt)- 



One therefore obtains the action of the deRham functor Ux®t> x on ®x by acting 
on the above resolution of lux with <8>x> x Ox ■ But this computation gives back the 
deRham complex 

So, by the Poincare lemma, 

n(ujx ®v x Ox^j =c x . 

If 

W X 



is the inclusion of W as a closed submanifold of X, then V {Ox, Ow) is a left %- 
module and a right X>x-module. In the (standard) notation of [Bor87|, V (Ox,Ow) = 
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T^w^x- One reverses the sides on which the operators act by using the left- 
switching described above, thereby constructing a left T> x -m.odv\e and right T>\y- 
module: 



Dx<~w 



Ox 

T>(uj x ,O w ) ® Qw uj w 
V (uj x ,uj w ) 



3o w &w 



Now let £ be a left X>x _m odule which is a locally free Ox-module of finite rank. 
By Kashiwara's theorem ([Bor87, VI, Theorem 7.13]) we can compute the local 
cohomology sheaf RH W {£): 



Lemma 



3.2 



L L 

V((Jx ) ww)®-d w T>(Ox,Ow) \ ®v x £ 
V(lu Xi lu w )® Vw (O w ®o x V{Ox,O x )) \ ®v x £ 



V(lu Xi lu w ) ®v w Ow) ®o x V(O x ,O x ) ®v x £ 



V (u x , %) ®v w O w j ® Dx £ 

(v (u Xi uj w ) ® Vw t> (uj w , nV)) ®o x £ 

V (oj x ,0, w ) ® 0x £ 
T>(ux ®o x £",^ w ) 



(Here " v " denotes the dual as an Ox -module. To check twists, let W = X. Via 
Lemma 3.2 we obtain the tautology 



n x = v (n n x p , n* w ) = s°m (r>r p , u x ) 

in that case.) Hence in the case of the left Djf-module £ = Ox we obtain the 
isomorphism 

RH° W (Ox)=-D(u x ,£l w ) 
of right V (wx)-modules. Thus we have: 



RH° w (n x ) = RH° w (O x )®o x n x 

= v(a Jx ,n w )® 0x n x 

= V{{APT x )®o x w x ,n w ) 
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We will need to check that the isomorphism ( p!o| ) commutes with the right action 
induced by exterior differentiation odx, that is, that the diagram 

R n° w (^ x )^—v(n n x - p ,n w ) 

od 



rh° w (n p x +1 ) = v (nsr*-\n$ 



> "W 

is commutative. Since this is a local computation we may fix a set of local coordi- 
nates (x\, . . . ,x n ). Putting 

dxi A ... A dx n «-> 1 

equates Ox with lox as right D (uix) = "Dx-modules (with the adjoint action) and 
putting 

dxK <-» {(sgn (K, K c )) dxx" 1 — > 1} 
equates Sl x and ioom (^^ _p , Ojf) as left Ojf-modules. We then compute: 

d(fdx K ) = J2 keKc §tdx k Adx K 

= {sgn (if, K c ) dx Kc ^/}o9 

Thus 

(io) (rh° w (si* x ) ,d) = (v (n n x *,n w ) , od) . 

Formula ( |Io|) is a bit removed from the classical treatment of local cohomology 
in algebraic geometry, but a local, non-canonical correspondence is not hard to see. 
Namely, if we have W realized as a complete intersection of hypersurfaces 

w = Fi n ... n y c 

then for the locally free Ox-module il x , local cohomology is computed from the 
sheaf 

Q x (ooYi + . . . + ooY c ) 



£\ n p x (ooFi + . . . + ooYj-i + ooY j+1 + ... + ooY c ) ' 
On the other hand, if we fix a holomorphic projection 

X W 

as left inverse of the inclusion i, there is a well-defined residue operator 
lj x (ocYi + . . . + ooYc) 



a wx {ooY\ + . . . + ooYj-i + ooYj+i + . . . + ooY c ) 



res 

> OJW 
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and so a well-defined map 

- „, + + ooy e ) — DM£* tUw ) 

Y, j ^ x {ooY 1 + ... + ooY j - 1 + ooY j+ i + ... + ooY c ) v x 1 

X] i — ► (ip i — * res (ip A 

which induces (Eof). 
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4. The sheaf of deRham normal differential operators 

4.1. Definition of T> (flz/z'i ^y/y')- Throughout this paper, we assume that we 
have a commutative diagram 

h 



Y 



-)■ Z 



(11) 



Y' 



h' 



Pz' 



* Z' 



of holomorphic mappings of complex analytic manifolds. We assume that vertical 
maps are (surjective) smooth projections with connected fibers. 



Definition 4.1. We call a diagram ^ly relatively immersive if 

Y — >Y' Xz> Z 

is a closed immersion. 



So we have a fibered product: 

X := X' X Z > Z 



-+ Z 



Px> 



Pz' 



X' = Y' x Z' 



A- 7> 



We then have: 



Y 



X 



Py' 



Px> 



Pz' 



-> X 1 



-> Z' 



Y' - 

If ( |Tl| ) is relatively immersive, then i is a closed immersion and j is a smooth 
projection. 
Let: 

n = rcl dim Z/Z 
d = reldimY/y' 

c = n — d 

We will work throughout with sheaves of relative Kahler differentials. For example, 
on Z these are given by the formulas: 



12 Z/Z' 

i^Z/Z' 



- q>o 



We want to apply our discussion of sheaves of differential operators in §|| to the 



case 



-X 



x/x> 



j*n 



Z/Z' 



Y/Y'- 
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We define the bicomplex 

v {n z/z ,,n Y/Y ,) p < 9 = {(a m e v {n n x/xn n q Y/Y }^ ■. \™ is ev-iinear} 

with total differential 

{°d z /z>) + (-If (V) 
made up of two summands of degree (1, 0) and (0, 1) respectively. 

4.2. Structure of T> (Jlz/Z't ^y/Y')- As in §||, for any complex manifold W, let 

£w 

denote the sheaf of Lie algebras of holomorphic vector fields on W. The product 
structure on X' = Y' x Z' above distinguishes a sub-Lie-algebra of £x>, namely 
the subsheaf of the vector fields tangent to the fibers of the projection to Y'. We 
denote this subsheaf of Lie algebras as 

C-Y',Z' ■ 

We define 

(12) £ Y >,z 

as the sub-Lie-algebra of £x made up of elements which are liftings of elements of 
£y',Z', that is, vector fields £ for which there exists a vector field £' in Cy',z' such 
that 

U9°Px) = Z{g) 9 e Ox- 

Then £y\z acts on the right on the complex T> {Viz/z 1 , ^Y/Y'j- £y',z has a sub- 
sheaf 

L 'Y',Z 

of vector fields which are lifts of the zero vector field, that is, vector fields pointing 
along the fibers of px 1 ■ Notice that £y>,z is an Ojf'-module but that the submod- 
ule £ Y , z is (compatibly) an O^-module. We will abbreviate these two facts by 
referring to the " Ox/x'- m °dule structure" of £ Y > .z- Notice that 

(13) [£y',z>£y',z] Q £-y',z 
and, near 

{£y>,z) x = {£y-,z) x ®Px X > ti'(£z>)) x . 

Lie and exterior differentiation commute. Thus the complex T> (£lz/z r > ^y/y) 
is a right £y/ ^-module. In fact, let 

U, resp. W°, 

denote the p x ) Ox 1 -enveloping algebras associated to the Lie algebra £y,z, respec- 
tively £ Y i z ■ Similary let 

w 

denote the Ox' -enveloping algebra associated to £y',Z' ■ Then the complex V (Qz/Z' , &Y/Y 1 
becomes a right W-module. 
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4.3. Structure of T> {VL z /z> , ^y/y) j- If J' is a sheaf of ideals on X' which an- 
nihilates i' (Y 1 ) and we define 

J = P*X'J', 

then we can define the complex: 

v (n z/z , , n Y/Y ,) p f = { a e v (n z/z , , n Y/Y ,) p > q ■. x { 9V ) = o, v<? g j, v g n^, } 

Also let 

0* - 



'xj/x'j, - P ' x J-n* x/x , 
(14) U'j, = {u' eU':u' (g) |y = 0, Vg G J 7 } 

= |u G U : u{rj) \ Y = 0,77 G ^ x/x ,} 

where "|y" denotes the pullback j*. Let py denote the pullback via h composed 
with restriction of forms to Y. Then 

p Y -Uj <ZV {tt Xj /x J ,^Y/Y') P,n P = V iP'X/x'^Y/Y'Yj 71 P ,Vp. 



4.4. Structure of V 1 - Ul P z/z ,,u) Y/Y ^. Next we let 

V Y j Y i 

be the algebra of Oy -linear differential operators on Y. As we saw in Sj^, Vy/v 
acts on the right on the relative dualizing sheaf u Y / Y , and we can form 

(15) v x (n z/z , , wy/y) = ^/y 2? (n| /z , , Oy) . 



To compute the derived functors of (p. 5[), let T>y/y> ( Oy , fiy /y, j denote the sheaf 



of Oy -linear elements of 2? ^Oy, fiy^y, J and form: 

— » 2?y/y (Oy) ^4 ... -^4 25y/y ^Oy, Qyyy,J -^4 2?y/y' (Oy, Wy/y) — > Wy/y — > 

By Lemma |3.2| , this is a (locally) free resolution of 0Jy/y as a right 2?y/y/-module, 
so we have the equality 

(16) 

Wy/y li? y/y/ 2? (0™-| M 0y/y) = H(V (Oy/y ,n*y /Y ,) ®V Y/Y , V (Q^Oy/y 

= H(v{n z/z ,,n Y/Y ,) p '*) 

of right W-modules. Similarly we let 

2?Z/Z' (pZ/Z'^Y/Y' 

denote the Oz<-linear elements of V (^ z J Z n ^y/yj an( I form the right W°-module 
as above. 
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4.5. Cohomology of D {Qz/z 1 1 ^y/y')*'*- In this section we assume that 

h 



Y 



-> Z 



Pz> 



Y > Z' 

in ( pi] ) is relatively immersive. We can then explicitly compute the cohomology 
of the complex T> (P-ziz'-i &Y/Y')*'* ■ Referring to Jlfil), the Pi-term in the "f>- 
filtration" spectral sequence associated to the bicomplex 



zZ p , q v ( nz / z, ' nY / Y ' 

L / 

[ n z/z> > °^ 



is exactly 

L 

0J Y /Y' ®v Y/Y , 2? [m z/z ,, <^y/y> 
Since ( pi] ) is relatively immersive, V (p z J z > , Oy/yj 1S a locally free Dy/y/-module: 

Ef> d = v x (n»-j*„wy, Y , 



For the immersion 



Y 



Y' x Z 



we let f^y\Y'xz denote the derived functors of the functor which assigns to a sheaf 
on X — Y' x Z the subsheaf of the pullback consisting of sections supported on the 
submanifold Y. Now, by the assumption that i is locally a closed immersion, 

1~(-Y\Y'xZ = 



V± ^Z/Z'^Y/Y'^ - n Y \Y>xZ i^Z/Z' 



for k ^ n + c . Also, by (|10|), we have 
(17) 

We next filter U and V (ci^J z ,,LO Y / Y > \ respectively by assigning to 

P eU 

an order r equal to the order of the operator 

(/— > f&O z >, 
respectively, the maximal order over all uj £ ^ z J Z i of the operator 



We let 
(18) 



i2> 



(n^j*,,uj Y/Y ,j = 



image {P G U : deg P ^ r} 



image |p e P ffi!^,,u;y/y/J : degP < rj 
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The r-th graded quotient of the respective filtrations are 

U° <g> S r T z > 

(19) v± /z ,(si n z -;* zn u Y/Y )®s r T z , 

where S r denotes the r-th symmetric product. Thus we have a filtration: 

(20) Ef = W (V 1 - (tl z -J z , , uy/y') ,od)D...DH p r 2...2H p 
where 

^- = H p (v± /z ,(n z -J zl ,u Y/ Y>)®S r T z ,,od 

\i*S r T z , if p = c 



4.6. Definition of Vyj^,. Returning now to the general case (pi]), we truncate 
our original complex 



, p,q 

L Z/Z'^ L Y/Y'j = U \ iL Z/Z>^ L Y/Y> 

V ("J/X' >^Y/Y' J = for p < c 
and we define our main object of study in this paper 

(21) v z Y %, = n n (v (n^ zn n Y/Y ,y * , (od) + (-if (do)) . 

T^y/Y' ^ S cieai "ly a right W-module. Notice that the map 

il Z /Z> ► U Y/Y> 

given by pulling back differential forms is closed but not exact, and that we have a 
natural map 

v 1 - ( n d + z , , lj y/y ,) = u Y/Y , ® Vy/yi v (nf /z , , o Y ) A v^%, 



- Z IZ' 

4.7. DyiY' as ^ oca ^ cohomology. Notice also that the relative deRham complex 

o^OzA n% /z , A ... A u z/z , -> o 

is a resolution of p z }0 Z '. So if ( [ll|) is relatively immersive, we have isomorphisms 

h (v {n z/z ,,n Y/Y ,)*'* , (oS) + (-if (ao)) = h^, (c Y >xz>) ■ 

Thus, by § |4.5| , we have 

P^' = kcr (P 1 (ftf /z ,,c Y/y ,) (n^owr/y 
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And using the increasing filtration ^Vy.y, of 2)^, given by ( |l8| ) and using (19) 
we have 



-z/z' 

[ r ] Y/Y' _~.(<n . f n ^d 



( 22 ) 'z,Z> = U ( V Z/Z' {^/ZnVY/Y' ) ) ® 

[r-l]L>Y/Y' 

Z I z' 

Also T>y has a distinguished W-submodule given as the image of the mapping 



HIV 



^Z/Z> ^ ^Z/Z' W ' 



induced by the morphism of complexes 

9, 

'Z/Z' r "Z/Z 

In fact @ tells us that 

)>d m r> \ ' \_ n-L / n^+i 



(23) w (z> (n>; 2 , [i] , n Y /Y>) ) = v 1 - [n d + z , , to Y/Y ,) o d, 

and that the sequence 

(24) -> P X (n*J-|, , Wy/y/) O 9 d -> P^', -> p-^D^ (of, , LU Y 



is exact. Also 

(25) [Q]V Y ' /Y , =o Y ,- P ® x>£ /z , (n d + z , , u Y/Y .) o 9 rf 

where p is the class given by the restriction element p Y above. 

z i z' 

4.8. Functoriality of V Y , Y , • Returning to the general case, one easily checks that 

Vy,y, satisfies the basic functorial properties: 
Any commutative diagram of morphisms 

Zx ► Z 2 



z[ ► z' 2 

with the vertical maps smooth and surjective induces a natural map 

T)Zi/Z 1 j~.Z 2 /Z 2 

Y/Y' ~^ U Y/Y' ■ 



Any fibered product 



Yi ► Y 2 



Y{ ► Y> 



(with the vertical maps smooth and surjective) induces a natural map 

lyZ/Z ~-.Z/Z 

U Y 2 /Yi -^ U Y X IY{- 

If Z = Z' and so necessarily Y = Y', we shall occasionally make the abbreviation 

Z 7-.Z/Z 



V Y := V 



Y/Y' 
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as in equation (E4). 



Finally, referring to the decomposition (25), the basic formula 



L f = (C|5())+9(C|> 

-Z/Z' 



for Lie differentiation shows that any element of C° z / Z , (i.e., the sheaf of vector fields 



on Z which annihilate functions from Z') multiplies Oy-p into T> z ^ z , \p' < z/Z' > ^Y/Y'J ° 
dd- A more subtle point is that, for a general element £ G £-z/Z'-> 

P-Z = P-(d(Z\) + (Z\d))ti> L (n d + z ,^ Y/Y ,) od d . 

This is because, unless £ G ^z/z' > the component operations in in the expression 

cannot be split apart as a sum of well defined operations on relative differentials. 
For example (£ | ) is not well-defined on relative differentials unless £ G £ z / z , ■ 
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5. Distinguished filtrations, cyclicity 



Throughout this section we continue with the situation of §4.1 and we assume 
that h in ( |TT| ) is a relative immersion. We now consider the standard increasing 
filtration 

W[m] 

of U given by assigning degree one to elements of Cy',z (and degree zero to elements 
of p~^}Ox' )- This filtration induces increasing filtration 



Referring to (|lj), we can define a "relative normal bundle" as the image of 

i*Cy,z 
Cy,Y 

in T>ypf, via the map 

( ^ p Y ■ L c . 

This image Ny\z is the second summand of a splitting 

V^y,) x =O y -P- © N Y \z 

Notice that Ny\z is not the usual normal sheaf Ny\y'xz, but is rather the Oy/y'~ 
module given by normal vector fields in X which are liftings of tangent vector fields 
on Z, that is, we have an exact sequence 

_> N Y \Y'x z ,z -> N Y \z -^p Y }ti*T z > -> 
with the sub-object being an CV-module and the quotient an Cy^-module. 



Lemma 5.1. With reference to the filtration ^Dy^ Y , of Dy^ Y , defined in §^j, 

[q]Dy/y' * s the U° -submodule of V^ z , ypz/Z' > w y/y'j generated by p- [o]^y/y/ 
has an increasing filtration induced by the natural filtration on 14° . For m > 0, the 
m-th graded guotient of this filtration is 

So Y N Y \Y'y. z ,Z- 

Proof: Since all computations will be Oy-linear, we can and will assume 
throughout this proof that Y' is a point. We let £ z / z , denote the vector fields 
on Z which annihilate functions from Z' and let U z j Z i denote the C-enveloping 

algebra associated to C z / Z , ■ We now consider the [Oz 1 , £%/z' ) -enveloping algebra 

u o z \ £ z/z> 

obtained by defining a Lie algebra structure on 

-Z/Z' 
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by the rule 



[f + \,g + p] = (\(g)-p.(f)) + [\, fJ ] 



letting U ( Oz + £° z / z > ) denote its universal enveloping algebra over C and defining 



Oz + £ z/z ,)-U(Oz+£° z/z , 
(f®(g + \) = (fg + f\)) 



We consider the standard resolution of O z as a Uq z (y£> z / z > ) -module and the stan- 
dard identification of complexes 

ioom (u 0z U z /z) ®o z A p C z/z ,, Oz) , D 

where D is the coboundary induced from the bar resolution. Since 

p-d = 0, 

the standard formulas for Lie differentiation show that we have a morphism of 
complexes: 



(26) 



i 

£°Z/Z> ®Oz U O z {f-Z/Z 

I 

Uoz (£?z,z>) ' v 



V Z/Z> (P'zYz'^Y/Y' 



Z/Z> \^ L Z/Z^ UJ Y/Y' 

I 

' \p'Z/Z" UJ Y/Yi 



ZjZ 



2 



(Here we change from left to right action of Uo z (^£°z/z' ) m ^ ne standard way, that 
is, by extending the (— I )-involution on C° z / Z , multiplicatively.) 

The horizontal maps in (E6I) are given by Lie differentiation, followed by con- 



traction with elements of A*C Z , Z ,, followed by multiplication on the left by the 
restriction class p. It is an easy calculation in local coordinates (see ( p0| ) in the 
Appendix) to see that the horizontal maps are surjective. Thus, using the Poincare- 
Birkoff-Witt Theorem we have increasing nitrations 



Z/Z> \p'Z/Z"' J Y/y'), , - U ZjZ' [ il Z/Z" LJ Y/Y 



d+k 



C vi 



9. 



d+k 
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and surjections 



\ Z,Z 'J ~^ T>± fnd+k , , . \ 



[m-1] 



V Z/Z> [pZ/Z" U Y/Y' 

Using commutativity, skew commutativity, and the fact that 

P ■ I > = o 

if £ points along the fibers of p Y > , we see that this last map factors through 



(27) 



^^Z/Z' ®Oy Sq z N Y \Y'x z ,Z 



Z/Z> [P-z'/Z'^Y/Y' 



d+k 



Z/Z' (^Z/Z'^Y/Y' 



[m-1] 



which must therefore be surjective. 



Now the filtration 



induced on [niX> 



z/z' 



[0] U YIY' 



from 



Z/Z> [pz'/Z'^Y/Y' 



d+1 



[m-1] 



° 9 C [Opy/y, 



(with a degree shift of one) is the same one as that induced from the standard 
filtration on the preimage of Dy|y, in tio z \£%/z'i gi yen by number of Lie dif- 



U z/z> 



denote the filtration on U%i Z i 



ferentiations. On the other hand, let 
given by number of Lie differentiations. Using ( |25|) and the commutative diagram 

► [0 ]X>^f # = ker(od) ► Oy> = C 



u z/z> 



u Oz \C-z/z' 



we see that 



u zjz< 



' (pZ/Z'^Y/Y' 



is subordinate to the filtration on U Z j Z , induced from 



the standard one on Uo z \C?l 



j ziz> 



Also, if m > 0, 



maps onto the 



m-th graded quotient of the latter filtration since it surjects to Sq y N Y \ Y > x z , z- 
Therefore by (27) the map 

7/0 ^z/z' 

M Z/Z' * U Y/Y< 

U I ► p ■ It 

must also be surjective. Thus the only thing left to check is that the natural 
surjection 

^Z/z' ' 

i (i ■'■ 

So Y N Y \ Y 'x z ,z ■ 



pPy/y'), , 

' / [to] 



J°^/W[to-1] 

is actually injective. But this is immediately seen by writing this map in local 
coordinates. (See the Appendix.) 
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Lemma 5.2. i) T>yjy, * s the U-submodule ofDz/z' (^ z /z" ^y/Y'j generated 
by p. The natural filtration {^[m] } on U induces an increasing filtration on 



TJy^y, such that 



and, if m > , 

Gr m (t^y/y^) 
is itself filtered with associated gradeds being given by 

Sm,r = S 0y T N Y \Y'x z ,Z ®O y , Sq^Tz'- 

ii) Let Yq denote a fiber of py ■ Suppose we are given locally around a point 
y G Yq a projection 

Z^Y 

( where, abusing notation, we temporarily denote the neighborhood of y G Z 
again by the letter Z). Let {£fc} fe=1 c +dimZ' ^ e a commuting set of vector 

fields in Cy ,z' which locally frame the fibers of v . Then T>y,y, is in fact 
locally generated over Oy> • p by the subalgebra of U generated by the vector 
fields in the set {Oy a ■ ?fc}- 

Proof: By ( p2| ) we have an isomorphism 

[ ]D Z/Z ' 

zSfW = [o] V y/y' ®o z , S r 0z ,T z >- 

[r-l] U Y/Y' 

So by Lemma 5.1 we have inductively that U° ■ generates^] Dy, Y ,. 

Besides py -U we have another useful subset of V (p-zlz't ^y/y') which surjects 
to Vy^y,. One checks easily, from the fact that p is enclosed (see the Appendix) 
and the basic expression 

L, = (C \d())+d(C\), 

that, for Q G £>y'.z, 

P -L, 1 -...-L, m = p-({a\)-d-...-{<: m \)-d) 

as elements of T>y^ Y ,, where (£ | ) is the contraction operator with the vector field 

c 

Another fact that will be important in what follows is: 



Lemma 5.3. i) Referring to §^.5, let J' be a sheaf of ideals on X' annihilating 
the image ofY'. Suppose that the natural map 

is surjective for all y' G Y' . Then for 



K#0 



Xj/X a ,^ L Y/Y' J j^LJy/Y' 
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we have 



ii) Fix a foliation of a neighborhood of y in X so that leaves project isomorphically 
to a neighborhood of h! (py (y)) in Z' and project to points on Y' . This 
foliation determines a unique lifting of £y>,Z' into £y>,z and of enveloping 
algebras 

U' y , — » Uy 

u i — > u = u (u) . 
Let J' C J' be a sub-ideal such that 

= c, 

j 1 

and let x' G J' and u' G W be such that 

u' (x') = 1. 

Then 

p Y ■ u {u') (x' ■ ri) = p Y {v) , V^^x/x'- 
Proof: The foliation gives a local product structure 

x ^-4 x' x z . 

Furthermore Zq itself is locally a product 

Z a ^> Y x S. 

Let Vs be the locally defined subalgebra of U generated by the lifting of a max- 
imal commuting set of vector fields on S via the local product structure (see 
Lemma j5.2|(ii)). Vs then corresponds to a uniquely chosen set of local coordi- 
nates on S such that, if we write differential forms in terms of these coordinates on 
S and arbitraily chosen coordinates on Yq, the action of Vs via Lie differentiation is 
just given by the action of Vs on the coefficient functions. We use these coordinates 
as part of a local coordinate system on 

X = X' x Y a x S 

given by the product structure and compute T> Y ^ Y , locally as in the Appendix. By 
Lemma 5.2 (ii) 



(3- l V s + u{U') y 



generates T>y^ Y , . An easy computation in local coordinates shows that the action 
of u iU r ) on 



is simply given by the action of U' y , on coefficient functions and this action commutes 
with the action of (fi o 7r) _1 Vs ■ Both i) and ii) of the Lemma then follow easily. 
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From (E4J) we also have 



n {v x o 



V 1 



^ < Z/Z" UJ Y/Y>) °dd ( = ^y/, 



and from §L5 and Lemmas (5.1) and (5.2) we have: 



Corollary 5.4. The "Koszul complex" 



od 



P-Cy, 



Y',Z 



Y'.Z) 



Of) 



n 



d+l 



Z/Z'^Y/Y') °d d 



is a resolution o] " T>^ (^ ,< zyz" ^Y/Y'^j ° ®d as a (right) U-module and the map 

p-{^- 1 c y , z ) (du—tv 1 - (n^ zl ,co Y /Y>) 

is an isomorphism. ( Of course this is not a lA-jree resolution because of the relations 
implicit in the factor " p- " on the left-hand-side.) 

Proof: The only thing we have to check is that we have not changed anything 
in the proof of Lemma 5.1 by replacement of Uq z C^z/z'^j by the slightly smaller 
U. But as above we still get surjectivity on each graded quotient and therefore 
surjectivity. 
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6. Canonical morphisms to fSy, associated to deformations 



As wc stated at the outset, given the situation of §4.1 we are going to make a 



z/z' 



and deformations of 



correspondence between certain homomorphisms into T> Y ^ Y , 
Y/Y'. In one direction that correspondence is essentially contained in the next 
lemma. 



Lemma 6.1. Suppose we have the commutative diagram 



Y 



-4 X 



-> z 



px> 



Pz< 



Y' 



-> X' 



-> z' 



as in §^.J. Further suppose that the left-hand rectangle is a fibered product. Then, 
whenever y' = py (y), the above diagram induces a natural map 



K> 



V 



z/z' 

Y/Y' 



Proof: As in Lemma 5.3 fix a foliation of a neighborhood of y in X so that 



leaves project isomorphically to a neighborhood of h! (py (y)) in Z 1 and project to 
points on Y' . This foliation determines a unique lifting of Cy',Z' into Cy'.z and of 
enveloping algebras 



u(u') 



and so induces a map: 



U' y , 



V 



z/z' 

Y/Y' 



To see that the maps are independent of the foliation, notice that, since the maps 
from fibers of Y/Y' to fibers of Z/Z' are local isomorphisms, any operator in the 
right ideal generated by a Lie differentiation by an element of C Y z annihilates p. 
Independence then comes from ([l3]) and the fact that any two liftings of an clement 
of Cy'.z' differ by an element of C Y , z . 

Thus we have: 



Corollary 6.2. Suppose with respect to ( |i tj we have a commutative diagram 

Y > W > X 



Py' 



<lx' 



Px' 



Y' 



X' 



-> X' 



for which the left-hand rectangle is a fibered product. Then there is a canonical 
induced morphism 

,Z/Z' ' 



U' y , 



V 



Y/Y' 
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Proof: We apply Lemma p.l| to the case in which we replace Z with W. Then 
use jj fOj . 

Later we will also need: 



Lemma 6.3. i) Let J' be a sheaf of ideals on X' which annihilates the image 
of Y' . Suppose that the natural map 



is surjective for all y' GY' . Suppose in addition that we have a commutative 
diagram 



Y 



-+ Wj 



-> X 



Pyi 



Y' 



<-lx> 



■4 X'j, 



-> X' 



and further suppose that the left-hand rectangle is a fibered product. Then 
there is a canonical induced morphism 



ii) Suppose that J' C J' is a sub-ideal such that 

±- =C. 
J' 

Suppose that we have two extensions 



Y 



Y' 



-> X' 



X 



Px> 



X' 



for i = 0, 1, which agree over X'j, . Suppose we have foliations of X as above 
which are compatible with W° and W 1 respectively and which agree over X'j, . 
Let 



be the liftings of 



u 6 U'j, 



given in Lemma \5.3j fii) by the respective foliations. Then there is a vector 
field 



such that, over X'j, 



p- (u 1 - u°) = p-L y 
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Proof: i) Apply Corollary 6.2 locally near y in Y to any family which extends 

<bc' X J' ~^ X J' 



to a family over X' . The map given by Corollary 6^2 restricts to a map on \U'ji) ,. 
By Lemma the map does not depend on the choice of extension. 

ii) With respect to the family W °, w e write everything in the local coordinates 
chosen as i n the proofs of Lemma 5^3. Suppose that, for S as in the proof of 
Lemma 5.3 with coordinates t\, . . . ,t c , the extension 

w° q Ax 

is given by the conditions t/- = . Let x' G J' be a generator of ^7 . The extension 



W 



1 qx 



X' 



is given over X j, by the equations 
where 



tfc = 0, 
< fc =t k + a k (y)x'. 



Then we have: 



(it 1 - ti°) = u 1 ^) 

= u 1 (4: - a fc (y) x') 
= -u 1 (a*, (y) x) 
= -ak (y) ■ u' {x') 

Also (u 1 — u°) annihilates pull-backs of functions from X' x Y and all products 
tk ■ tk> ■ 9- Thus: 

p- (u 1 -u) = p- L -Y, k a k (y)u'(x>) gf- =P-i-„'E fe o*,fe)x'gf- 
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7. DOLBEAULT RESOLUTION OF V 



z/z' 

Y/Y' 

Again in this section we assume that ( [Tl] ) is a relative immersion. From (p3[)-(p 
we have pairings 



R 



fa,), v (n>f z ,,n Y/Y ,) ® r (p z ,). (p%l 



n 71 - 1 



Z/Z> ~* 



(28) 



and 



(29) 



S 'Z/Z' 



Referring to (p^), these pairings are related by the commutative diagram: 
(30) 



R 



n 



z/z> 



(od)®lj~ 

r (py')* v (p>f z , [i] , n* Y/Y ,) ® i? (pzO* 



(py). («* 



Y/Y> 



I? 



(prO* 23 (^z>z' [1] . ^y/y) ® R (Pz0, («z/z') W 



If, for example, 23y/y/ were a subsheaf of D f^f/z" ^Y/y) ' we com d compute 
its pairings at the level of complexes of sheaves, but in general we are not in this 
situation and the pairing is only defined in the derived category. To work at the 

level of complexes of sheaves it is useful to reformulate (py<) t (v 

Dolbeault complexes. 
Recall from (pll) that 



z/z' 

Y/Y' 



in terms of 



V 



z/z' 

Y/Y 



(od) + (-if (do) 



We let A v £, zn resp. A Y S , Y , denote the sheaves of C^-differential forms of type 
(p, r) on Z/Z', resp. of type (q, s) on Y/Y'. Now let J 7 be a locally free O^-module, 
and let (^F, A Y J Y ,j denote the sheaf of C- linear operators T from the sheaf of 
(holomorphic) sections of T to the sheaf of C°°-sections A Y S , Y , such that, for some 



n and for arbitrary holomorphic functions /o, ■ ■ ■ , /«, 

[•..[[T,/o],/l]...,/n]=0. 
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We can consider V UF, Qy/y'J as a su bsheaf of "D^° (^F, A Y ^ Y ,\ and conclude that, 
we have, over Y': 



The first equivalence is derived as in § § 4.4 - 4. £ or Bor87 13.2] and the second is 
derived from the quasi-isomorphism 

tt Y/Y ,,d) > (A Y/Y ,,d 



Y/Y>i") ' \^-Y/ 

(There is a small point here that the cohomology of the left-hand complex is the 
sheaf of holomorphic sections of a holomorphic vector bundle whereas the cohomol- 
ogy of the right-hand complex is the sheaf of C°°-sections of a C°°-vector bundle. 
Our assertion is that the underlying complex vector bundles are naturally isomor- 
phic.) 

Alternatively let 

(t,a y s /y , 

denote the sheaf of C°°-differential operators from the sheaf of C°°-sections of F 
to the sheaf of C°°-sections of A Y J Y ,. We can characterize (j 7 , A Y J Y ,j as the 

subsheaf of V°° UF,A Y s ^ Y ,j consisting of those operators P such that, for every 
holomorphic section C, of T and holomorphic function / on Z, 

Thus X>?° ^F, Ayjy^j is a right O^-module. Tensoring over Oz with the exact 
sequence of locally free left Oz-modules 



o -> v z (n» /z , ,o z )^---^Vz (n\ /z „o z ) ^ v z (o z , o z ) -^o z ^o 

we obtain 
(32) 

H (V (V, Ayjy,) , (do)) = H (J2Z, S V °° [ A %> ^ ' A y/y) ' + ^ 

We apply @ and @ to the case in which J~ is a graded quotient of ^^}p> c ^ z/z' ' ^ 
We obtain: 
(33) 

(n^^y/y,) = H (£ r ^°° (Azjr r ,Ar /Y ,) , (OS) + (-lf +r (do) 

The standard spectral sequence argument then allows us to conclude that the nat- 
ural inclusion of complexes gives a quasi-isomorphism: 

(34) V Z Y %, = H (]T^ E g , r , s VC ° (^""^ A y/y) . M + (-!) P+r (*0 



32 



PAUL BURCHARD AND HERB CLEMENS 



By the acylicity of the sheaves in (|33|) we have: 

R( PY ,l (V (n n z -j*„u Y/Y ,)) = h (Y,Z, VQ ° { A V^^ A yh) > ( oB ) + ^ P+r ^ 

where 

A*-* = (j>y>)*A*<* 
and by the acyclicity of the sheaves in and ( j34|) we have 

R far,), (V Z Y %) = U (J2 p>c E g , r>s V™ (A^^) , H) + (-ir r (do) 
Thus for any fixed p and q the natural pairing of ^-complexes 

( 35 ) ^Lt r ,a ^ ( A Z/Z' ' A Y/Y') ® 5Z r A Z/Z> A Y/Y' 

obtained by "letting differential operators operate" induces the pairings ( p8| ) and ( |2^ ) 
on Dolbeault cohomology. Thus, using Corollary 5.4, the pairings ( p8| ) and (|2^) are 
induced from ( |35| ) and the map 

(Pv)* {A*z> ® A ' (^) ®W) ► 2?°° ■ 
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8. The Gauss-Manin connection 



If we are in the situation of Corollary 6.2, that is. we have a geometric extension 

Y > W > Z 



(36) 



q x , 



Pz> 



Y' 



-> X' 



-> Z' 



of Y/Y\ then y29f) and Corollary 6.2 imply that we have an induced pairing 



W ®j'*R{p z >)* (o z ^a\ 



L ZjZ' 



* L Z/Z' 



■R 



* L ZIZ' 



We next wish to see that this pairing is nothing more than the pull-back map 

-> R(qx>)*(Ow 

= R(qx')ACw) 
followed by the Gauss-Manin connection on the family W/X' . 



O 1 

iL W/X' 



o d 

il W/X' 



Definition 8.1. Let £' e C Y >,z>. By a C°° -lifting of type (1,0) of? to X/X' we 
mean a C°° -vector field £ on X such that 

i) =o ; 

ii) £ (/' °PX')= £' (/') /or every C°° -function f on X' . 

Given ( j36"l) one constructs a C°°-projection of a tubular neighborhood of Y/Y' 
in W/X' compatible with the projection X' — > y' and such that the fibers are 
complex holomorphic polydisks isomorphic to Z' . Any such projection induces a 
unique C°°-lifting of each £' e Cy.z' to a vector field tangent to the fibers of the 
projection and so a homomorphism of sheaves of Lie algebras 

C Y ',z> — >A° X ®L Y ',z- 
and therefore an induced mapping 

(37) U'^VP°(A%f*,Jtf Y ). 

As in § |4.2| Lie differentiation commutes with the action of od and so that W acts on 

the complex T>°° (a^^, , AyJ Y ,^j and the mapping ( |37j) is simply the image of that 

action on the distinguished generator p. Under the standard Cech -to- Dolbeault 
isomorphism, ( |37| ) is identified with the mapping given by Corollary |6.2| . Thus we 
get that the pairing (E9h is given by: 



U' ® V™ (A%f* , Ayjy,) > U' ® D°° (A£ /x , , Ayjy, 



Gauss-Manin 



A 



Y/Y' 
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9. The deformation criterion 



Suppose now that we have commutative diagram 

h 



Y 



4 Z 



(38) 



Y' 



h' 



Pz> 



* Z' 



as in ([11]) where Y/Y' — > Z/Z' is relatively immersive. On one hand we wish to 
consider extensions of (B8h to diagrams of the form 



Y 



(39) 



9x' 



for which the left-hand rectangle is a fibered product. For example, if Y' is a 
one-point space, (|3^) amounts to giving a deformation of the submanifold Y in 
Z/Z'. 



We first apply Corollary 6.2 to associate to ( p9| ) a family of natural morphisms 

7/ f T) z / Z ' \ 

U y , ► \ l 'y/y'J v 

whenever y £ Y y > — pyl (y'), and so to define a morphism 



(40) 



Z/Z' 
Y/Y' 



In the rest of this section, we shall be concerned with the opposite direction. 
Namely, given a diagram j3q ) and a morphism (|40|): 

1. What are the conditions on the morphism such that it is induced by a dia- 
gram (|39"1)? 

2. Does the morphism (|o|) completely determine the diagram (|39|) that induces 
it? 

To our state the result precisely, we need two definitions. 



Definition 9.1. If y' = py (y), an Ox/x'-^ near homomorphism of Lie algebras 
of tangent vector fields 

tp ■ (£-Y\Z') y , —> {^Y',z) y 

is called a lifting homomorphism if, for all £' £ [Cy 1 ,Z') y i- 

i) 1> (9 ■ £') = (9°Px>)-i> (£') for all g£O x> , 

ii) V (O (g opxO = e(9) for all g£O x ,. 

Definition 9.2. Given y £Y, y' £ Y' with y' = py> {y), a mapping 



U y , > \ U Y/ Y > 
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is called almost-multiplicative if there exists a lifting homomorphism 



i> ■■ (C Y ',z') yl — > {£v,z) 



such that, for the induced homomorphism 




+ U 



y 



and for all it' € W , 

ip y , (u) = p-ip (u) , 
where p is the distinguished generator ofDyjy,. (See (fjj^.j 
We call a map 



almost multiplicative if the induced maps 




are almost multiplicative whenever y G Y, y' el" with y' = py (y). In short, al- 
most multiplicative homomorphisms are those induced locally by "cotransversals," 
that is, by local foliations X transverse to the fibers of Y/Y' . (The important point 
here is that the existence of ip is required only locally; a global lifting of Cy z> to 
(pr')* (£y\z) is usually not possible.) 

Notice that the mapping (^) derive d fro m (|39| ) and Corollary |6.2| is, by construc- 
tion, almost multiplicative. By Lemma |5.2| (ii), these almost multiplicative maps are 
determined by 

i) choosing a commuting set of elements of Cy.Z' which locally frame the tan- 
gent space of Z' along Y', 

ii) lifting these to a commuting family of vector fields on X. 

The chief result we wish to prove in §|| can now be stated as follows. 

Theorem 9.3. There exists a natural one-to-one correspondence between formal 
extensions of the diagram $3{\) to diagrams $3^) and almost multiplicative homo- 
morphisms 




Here "formal" means that W is a formal neighborhood of i (Y) in X. 



Proof: As already mentioned, the mapping 




associated to a diagram ([59|) is almost multiplicative by construction. Also, since 
all morphisms are left Oy-linear, it suffices to establish the result in the case in 
which Y' = {0} is a point, which we will therefore assume throughout the proof. 
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So to complete the proof of the theorem it will suffice to establish the following 
assertion: The mapping 

(41) K (K%) y 

uniquely determines a (formal) local family 

W— >Z' 



fitting into (|39|). 

As is standard in local deformation theory, we work inductively over increasing 
large (infinitesimal) neighborhoods of {0} in Z' . We can extend the notion of almost 
multiplicative morphism to the restriction of tp y to a scheme containing {0} and 
lying in Z' as follows: 

Let J[ be the ideal defining {0} in Z' , and suppose we have a filtration 

J' s+1 c . . . C J{ C J£ = O z , 
by ideals on Z' such that successive quotients 

7' 

t <Jt 

J r + l 

are dimension-one complex vector spaces generated by 

/ rrl 

Then the set {x'j } ._ Q r gives each quotient O r = the structure of a C- vector 
space. Let 

Or — J r = C 

be the natural projection homomorphism associated with this basis. It is immediate 
to see that D r is a differential operator of order $5 r with values in C. Thus D r 
comes from an element 

ll'r € W Q . 

In fact, if we let 

U[ r] = {«' S W : «' (<?) (0) = for all g E , 

we have 

< £ U[ r] C W. 

Letting ZL, denote the scheme defined in by i7 r ' +1 , and referring to (^4[), 
our definition for "infinitesimal almost-multiplicativity over ^f r i" is obtained from 
Definition 9.2 by replacing the condition 

fy (V) = P • V> ("') 

for u EU' with the same condition restricted to v! € . 
If we have constructed 
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over Zj s j , then by Lemma |6^ (i) we have a uniquely determined almost multiplicative 
map 



., vj ( v z/z'\ 



We must show a natural bijective correspondence between extensions of ipy to an 
almost multiplicative map 



> \ U Y/Y> 



and extensions of W[ s ] — >■ Zj s j to a family over ZL+i] . 
We let Yo denote the fiber of py> ■ Let 

J = ideal sheaf of Yo in ^ 

whose restriction gives the ideal sheaf Jo of Yq in Zq ■ At y 6 Yo let 

restrict to a free set of generators of j7o- For yo £ Yo, abuse notation slightly and 
let Yo denote the local germ of Yo at yo. Standard deformation theory shows that 
the set of local extensions of a (flat) family 



Yn 



s] 



{0}^ 



■4 ^ 



-> Z' 



over Zj s j to a (flat) family over is a principal homogeneous space for 

Jo ^s+l 



s+2 



(See [Kol96, Chapter I].) More precisely, fix a local product structure 

Z = Y x S x Z' 

such that pz' is given by projection onto the last factor. Suppose that functions 

Zk = Wk + afe,o (y) x' + . . . + a k , s (y) x' s 
are a free set of local generators of the ideal of Wj s i in 

= Z [s] x z' z - 

(We use the same notation for functions on Z' and their pullbacks to Z.) Fix 
reference extensions of Zk to Z[ s+1 ], and continue to call them z k . The possible 
choices of extensions of W\ s ] to Wis+i] are then uniquely determined by the functions 

(42) z k = z k + a k (y) x' s+1 . 

Thus extensions are in one-to-one correspondence with elements of 

Jo 

V 



Hom 



. T 2'Py'J s +i 
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So we need only show that the almost multiplicative extension 



U [s+1] > \ V Y/Y') q 



induced via Lemma 3.2 (i) by a chosen extension Wj a +i] determines the element of 

( N Yo\Z ) v 



that defines Wr s _|_i] with respect to the reference extension. But by Lemma 6.3(h) 
we conclude that 

(43) p ■ $ (u' s+1 ) -P-4>(u' b+ i) =p-L_j 2k akiy )^- 

Thus we read off from (^) the exact element of 

( N Yo\Z ) y 

that determined the extension of the deformation given by the equations = 
in (|^). So the extension 

determines the extension 

But Lemma |6.3| (i) tell us that the extension 



determines the extension 



W[ 8 +i] A z' [s+1] 



U [s+1] > \ Y/Y' 



Thus the proof of assertion (^lj) is complete, which in turn completes the proof of 



Theorem 3.3 



Inside complex projective varieties, formal subvarieties give rise to actual geo- 
metric subvarieties, so we have: 



Theorem 9.4. Suppose that we have a diagram ( pq j with the same hypotheses 
as given there. Suppose, in addition, py 1 is proper and Z/Z' is relatively quasi- 
projective. Given an almost multiplicative morphism 



w — 

there is a geometric deformation 

Y y 



(PY')* (K'/y) 



-> X 



Py' 



Qx> 



Px' 
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such that the associated 



w 



{PY>)*{V Z Y %) 



approximates the morphism ip to arbitrary pregiven order. 



Theorem 3.3 gives a formal family 

Y > > 



X 



<-lx> 



Px> 



Y' 



-> X' 



X' 



projective over X. So the formal subvariety W can be approximated to arbitrary 
order by a W which is projective over X [Art6£, Theorem 1.4], so over a sufficiently 
small analytic neighborhood of Y in X. 



From the proof of Theorem 9.3 and Lemma |6.3| (ii) we have: 
Corollary 9.5. i) Let 

J'QJ' 

be sheaves of ideals on X' contained in the ideal of Y' such that 

J' 

If ft om denotes almost multiplicative homomorphisms of sheaves and if is an 
almost multiplicative homomorphism giving the family 

Wj , q Axj,, 

the obstruction to extending the family to 



if i 

Wj,AXj, 



is the element of 
from 



\Y'x 7 ,Z 



which measures the obstruction to lifting if under the homomorphism 
ii) The map 



■sZ/Z' 

Y/Y' 



Z/Z'^Y/Y' 



*Y\Y'x z ,Z ~ 

induces a natural morphism 

so that, from i) we obtain an obstruction element 
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Proof: i) By Lemma 6.3(ii), the sheaf sequence — > $jomo Y , (py/ ( j^) 



, N Y \Y'x 



z/z' 

Y/Y' 



J' 1 ^Y/Y> 



is exact. The obstruction element is 



computed from a covering {V a } of Z by coordinate disks as the Cech cochain 

d 

i"r [id - 



Xab 



Y'Z 



constructed as in the proof of Theorem 9.3 



ii) The second assertion then follows from the exact sequence 
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10. Some immediate consequences 

Corollary 10.1. A compact submanifold Y of dimension d has a geometric defor- 
mation in a projective manifold Z of dimension n if and only if there is an almost 
multiplicative homomorphism 

where V is the ring of constant- coefficient differential operators in one variable and 
A is the unit disc. Thus, referring to ftT\), a necessary condition for Y to have a 
deformation in Z is that 

\imH d (n d z /i YZ n d z ) 

be infinite- dimensional. 

Proof: The inverse limit \imH d (Qf/Xf z VL d z ) is the dual of 

h y (q z )^h° (v 1 - (n d ,Lu z )). 

(See ]Bor87t Theorem 7.13].) 



Again suppose Y ~ {0}. For a geometric family (39), it is easy to see, by 
induction on the order of neighborhood of € Z', that 

W y > h-o (n w l x ' \ 
"{o} ► H { n Y /{o} ) 

is in fact an isomorphism since that is trivially true for the associated graded 
objects with respect to the filtration in Lemma 5.2. It is natural to ask whether 
the composition 

pf ;^^(</;; 0} ) 

associated to a diagram ( |39| ) is an isomorphism if the associated first-order map 

Tx',o — ^ H° (N YoKZ ) 

is. This is not in general true. The simplest example of this is perhaps the classical 
logarithmic transform 

UM) = {-t,e + h)} 

where E is an elliptic curve, h is a non-trivial half-period, and Yq is given by t = 0. 
Then 

H° (N Yo \z ) — H 1 (N Yo \ Zo )=0 
but the local isomorphisms 

f^CxE/C \ (jfxE/C \ « /-Xo/fOA 

{^ { o}xE/{o}) {0>e) — > r{°} xs /{°>J(o, e+ / l ) > \ Y /w ; (0 , e) 
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imply that there is a non-trivial second-order element of 
given everywhere locally by 



" {LJ y /{o} 



However, there are situations in which, for example, the map 

f ■ \ V {o}/{o}) IPr'h { v m/{o } ) - H { V {o}/{o}) 
induced by a geometric family (p9[) is in fact an isomorphism. 



Lemma 10.2. For a geometric family (pty, suppose that the natural maps 

S m T x , fi -!*=-> H° (S m N YoXZo ) 

are isomorphisms for each m, that is 

T X ,, ^H° (N Yo \ Zo ) 

and 

S m H° (N Yo \ Zo )=H° (S m N Yo \ Zo ). 
(This is the case if, for example, N Yo \ Zo — {0 Y „) C .) Then the natural map 



V X' V ff ( v Zo/{0}\ 



is an isomorphism. 



Proof: As in the proof of Theorem 9.3, we proceed by induction on the order 



of the neighborhood of in Z' . Using Lemma 5.1, the lemma is then an immediate 



consequence of the commutative diagram with exact rows: 



^ (vfoyY > ( v fo}) S+1 ► S s+1 Tx<o > o 



We now turn to some more general consequences of Theorem | 
that in (B9I) we have a proper smooth family: 



First, suppose 



W 



-> Z 



1x> 



Px> 



x' > z 1 
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We would like to have a criterion to decide when the fibers W x > of qx> are of constant 
modulus (that is, mutually isomorphic) when x' moves along {y'} x Z'. Referring 
to §fh| we let 

Z Y/Y> = kcr I® (°l/XM^r/r') { ° d ^i d0) V (n|/2/,ny/y/)J • 



Theorem 10.3. The family 



> X' x z > Z 




Px> 



in l ]3!\ ) is expressible as a family 

Y > > X' x z , Y > X' X Z > Z 



Py' 



<lx> 



Px> 



Y' 



-> X' 



X' 



if and only if the associated almost multiplicative morphism 



w 



lifts to an almost multiplicative map 



w 



z/z' 

Y/Y> 



(Here the definition of almost multiplicative is extended in the obvious way for a 
map to the right IA -module Zyjy,.) 

Proof: Suppose first that we have a lifting 



W 



Replace Z in (p8|) and (p9h with Y x Z and the map 



Y-^Z 



with: 



The decomposition 



Y 

y 



Y x z 

(vMv)) 



n 



YxZ 
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induces a natural map 



which in turn induces 

To see that the composition 

tp : W -> (py,). (4/y') -> M. (^y/y^') 

is almost multiplicative, notice that it is given by lifting vector fields so that they 
always are sub ordi nate to the foliation of Y x X with leaves {point} x X . Now 
apply Theorem |9.3| to the almost multiplicative morphism (p. In the other direction, 
the product struct ure allows a globally consistent choice of the local vector fields 



ip (£') in Definition ^2 
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11. THE OBSTRUCTION PAIRING 



Suppose again that we are given the relative immersion 

h 



Y 



-> Z 



Py' 



Pz' 



Y' 



Z' 



and that pz' is proper and relatively Kahler. Suppose now that we are in the 

ext 

Wj> ^ X' 



situation of Corollary 9.5 where we have an extension 



and J' C J' with €j = Oy<. 

Suppose further that {^p^j is spanned by 
(44) v! = v' ■ £' G U'j, 

for some v' E U'j, and some vector field £' E Cy',z' ■ We can then comp ute a relation 
that must be satisfied by the obstruction element v given by Corollary |9.5| (ii) . This 
computation will be carried out in this final section of this paper. 
We apply the pairing ( ^o| ) to a Cech cochain 



{Xab G {pr>\ ( N Y\Y'x z ,z\ Va nV b )} 



giving the element v in Corollary p.q , where, as in Lemma 5^3, we have an open 
cover {X a } of X such that, for each X a we have local decompositions 

X a := T x S x Y' x Z' 

which locally simultaneously trivialize the families Y/Y' and Z/Z'. On X a r\Xb, the 
product structure associated to each of the two trivializations determines a lifting 
of 

The difference of the two liftings gives 

8a b (Oe(px,h(£ Y ,, z \ XanXb )- 

We denote by 

U > u\ Xa 

the (multiplicative) lifting morphism corresponding to the trivialization of X a . By 
Corollary |9 . 5| 

P' L Xa b = P ■ {u b (u r ) ~ u a (u')) 

= P ■ {ub W ■ £') - u a (v' ■ £')) 

- p-(u b (v')- Ub (e)-u a (v')-u b (a) 

= p-u{v')-6 ab {t') 



since 



p ■ u {v') = p-u a (v') = p-u b (v') 
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because liftings to Wj> are already well defined, independently of local trivializa- 
tions. Thus, from (J3G) we have: 



Theorem 11.1. Under the decomposition assumption ([44), the map 



given by the pairing j ^jSj) evaluated on the obstruction class v is the same as the 
map 



V I ► {9 ab | ) U r? I ► u («') {{6 ab | ) U n) 



where the first map in the composition is the Kodaira- Spencer map for the family 
Z/Z' and the second is given by the pairing ( p^ ) (induced from the Gauss-Manin 
connection- see §pl). 



Corollary 11.2. Assume the factorization (Qj. Also assume that p Y i can be fac- 
tored as 



with ir proper, smooth, and of relative dimension d' d so that the extension qj> 
can be factored as 
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Then a particular case of the obstruction map in Theorem 11.1 becomes 



ZjZ' 

Kodaira- Spencer 



R d (p z ,)*(n z/Z 

pull-back 



Gauss- Manin 



a* (ujy/Y' ® R d (tt)» 



integration over fiber 



0~*U)yl lyi 



We first apply Corollary 11.2 in the case (i = d! , that is, j)y< itself is proper. 



Corollary 11.3 ([ Ran93| , [Kaw95|). Suppose in Corollary 11. & we have d = d! 
and are given that the cohomology class 

1 :=c(YlY')eR 2c {pz>)A < £z) 

stays of type (c, c). (Recall that c = n — d is the codimension of the fiber of Y/Y' 
in the corresponding fiber of Z/Z'.) Then the obstruction pairing 



R d -i(p z ,)(n d z y zi 



■O y > 



vanishe 



Proof: For u £ R^ 1 (p z >)* (pt/Z') and £' e C Y>,z>, 



O 



is zero because of the assumption that 7 is everywhere of type (c, c) . Now apply 
Corollary [11. 2[ 
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Finally we wish to generalize this application of Corollary 11.2 . Suppose as above 
that we have an extension 



Y 



-+ Wj> > > X 



Py> 



Y' > Xj, ) > x' 

and wish to examine the obstruction pairing to extending over X j, . (In particular 
we continue to assume the factorization (|44|) .) In general, we have an Abel-Jacobi 
map in homology: 

(45) 

L d - d ,<T*(Q Vjr ) = (ji d - rf V*(Qv 7 ,)) v — ► (V 1 (n d+d ' ( Pz >)A®z)) V 

7 i — > tt^ 1 (7) 
The image of (|45| ) must lie in (the dual of) a Hodge sub-structure 

A7' c (r 1 (R d+d ' (pzO* (<& 



(46) 
of type 



(d, d') + . . . + (d', d) . 



Theorem 11.4. Assume that there is a rational sub-Hodge structure of 

R d+d ' (pz>)A®z) 

of type 

(d,d') + ... + {d',d) 

extending the one given by the image of the mapping ( p^ j (via the Gau ss-M anin 
connection). Then the image of the obstruction mapping in Corollary 11.% lies 
in the subspace of a* (Ol>v' /Y') given by the (relatively) exact forms, that is, this 
subspace maps to zero under the natural map 

a* (uj vl/YI )^R d - d! 



cr* (Cy) . 



Proof: For u £ R^ 1 (pzO* ( n z/z' I > we have b y Corollary |1L3| that 



L (7) 



(v \w) 



L (7) 



u («') £' (w) = «' 



L (7) 



But the hypothesis that the sub-Hodge structure extends overZ implies that 

C H = 

for all 7 e (Qv)) V . w e 3~ l R d ~ l M* (p$z>) and e 
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Unfortunately, we do not, as yet, know any good applications of Theorem 
to deformation theory. However there are situations, for example, the case 

n = 3, d = 2, df = 1 



11.4 



^Z/Z' 



= O 



Z/Z' 



in which the map in Corollary 11.2 seems to carry most the obstruction theory 
(see [Cle98 and |CK98|). So hopefully the above formalism will eventually yield 



generalizations of variational Hodge-conjecture results like Theorem 4.13 of |Cle£ 
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Appendix A. Local coordinates 

Let Yq be a d-dimensional complex submanifold of the complex n- manifold Zq. 
For any y £ Yq, choose a complete set of local coordinates near y in Zq made up as 
follows: 

Xk such that Xk = for all k define Yq in Zq, 
yj such that yj — for all j define y in Yq. 

For any tuple of non-negative integers K indexed by the set of indices {k}, we 
have associated the differential operator d£ which give the composition of differ- 
entiation with respect each of the coordinates Xk the number of times given by the 
fc-th integer in K . Then the elements of the stalk of T^z /{Q} (^z /{o}' Wy o/{o}) can 
be uniquely written as 

(47) E w , |J|+|JtN> {°W M ^} 

where J = subset of {1, . . . , d}, ordered by <, K = subset of {1, . . . , c}, ordered 

by <, 

dyj — dxj 1 A ... A dxj^^ 
dx K = dx kl A ... A dx k{Kl 

and 

dy = dy\ A ... A 

For example, the restriction map p given above becomes dy* ■ dy. Notice next 
that right multiplication by d% is identical to right multiplication by the operator 
Lk> given by the composition of (commuting) Lie differentiations with respect to 
the corresponding \K'\ vector fields aJ^j- 

Right multiplication of (|47]) by d — dz is given by composition with 

E(^)^+E(^a)A, 

and this action commutes with right multiplication by d% , so that it suffices to 
study its action on elements 

(48) a JtK (y)((dx K A dyj)* ■ dy). 

An easy computation gives that multiplying ( |48| ) on the right by d gives 



^ s gnU (j-imea K , A y) ( {dXKdyj _ m y dy ) I 

sgn(k(K - {k}))a, lK (y) [(dx K _ {k} dyj)* dyj 



(49) 

A 

.keK 

Thus, if d is to annihilate a sum of elements (p)|), aj^{y) = whenever K can be 
written as K 1 U {k}, that is, whenever K is not empty. So we are left to compute 
d(a(y)(dy* ■ dy)), which gives 



±da (y) 

Thus, to get d(a(y)(dy* ■ dy)) — 0, a(y) must be constant in the y-coordinates. 



E ±ff ((*,-»)** 

3=1,..., d yj 
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To see that 

(50) P ■ A r C Za ■ u Za = vl /{0} (n d +J {0} ,Lu Yo/{0} ) 

where Uz is the enveloping algebra of the Lie algebra Cz a , we need only show how 
to generate elements 

(dx K dy,j)* dy 

by Lie differentiations and contractions. But this is immediate from the fact that, 
for example, 




removes dxk and replaces it with dyj. 
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